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As a topological architecture of interconnection networks, the de Bruijn digraph and the Kautz digraph have many attractive features superior to the hypercube, such as it is regular, Eulerian, Hamiltonian, and has small diameter, optimal connectivity, simple recursive structure, simple routing algorithm, contains some other useful topologies as its subgraphs (see, for example, Section 3.3 in [17] ) and, thus, been thought of as a good candidate for the next generation of parallel system architectures, after the hypercube network [18] .
Královič and Rǔzička [19] proved that the feedback number of the de Bruijn undirected graph UB (2, n) , obtained from B (2, n) by deleting the orientation of all edges and omitting multiple edges and loops, is . Recently, Xu et al. [20] have determined the exact values of the feedback number of the Kautz digraph K (d, n) for 1 ≤ n ≤ 7 and the asymptotical values for n ≥ 8.
In this paper, we consider the feedback number of the de Bruijn digraph B(d, n). Use f (d, n) to denote the feedback number of B(d, n). By refining and developing the method in [20] , we can show the result as follows. For any integers d ≥ 2 and n ≥ 2
where i | n means i divides n, and ϕ(i) is the Euler totient function, that is, ϕ(1) = 1 and ϕ(i)
for i ≥ 2, where p 1 , . . . , p r are the distinct prime factors of i, not equal to 1.
The proof of the result is in Section 3. In Section 2, we give the definition of the de Bruijn digraph B(d, n), construct a feedback vertex set of B(d, n) and gives several lemmas.
Feedback vertex sets
In this section, our main aim is to construct two important sets Φ( d, n) and
, respectively, where the former is a set of some cycles in B(d, n) and the latter is a feedback vertex set of B( d, n) for n ≥ 2, and then to show that the feedback number
The main idea and methods is essentially due to Xu et al. [20] .
There are d arcs from one vertex
The digraphs showed in Fig. 1 are B(2, 1) 
It is clear that φ n is a bijective mapping. For any
n n (X) = X , there exists a smallest positive integer t, denoted by ind (X), such that φ t n (X) = X , which means that t divides j for any positive integer j such that φ
each vertex of B(d, n) must lie on a cycle. These two facts mean that the vertex sets of cycles in
Φ(d, n) is a partition of V ( d, n). Since d cycles in Φ(d, n) have
length one, which contain d vertices, and otherwise have length at most
The theorem follows. 
where m is called the length of X , denoted by (X), i.e., (X) = m and (X(i)) = i. We also write 
Then F ∩ C = ∅ and there is a sequence X = x 1 x 2 · · · x n x n+1 · · · x n+j−1 ∈ Ω d,n with length = n + j − 1 and also we can express C = (X(n), φ (X)(n), . . . , φ j−1 (X)(n), X (n)).
By the condition (a) there exists an integer
, and so Y (n) ∈ F . Thus F ∩ C = ∅, a contradiction, and so 
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where
satisfies one of the following forms:
For example, {71217121, 71271271, 71271712} ⊂ F 7 , in which the vertices satisfy the forms (2), (3) and (4), respectively. But 71271272 ∈ F 7 because 71271272 = 7X 1 7X 1 7X 2 and X 2 = X 1 (1), which does not satisfy any form in Definition 2.3.
Theorem 2.3. The set F (d, n) defined in (2.3) is a feedback set of B( d, n) for n ≥ 2.
Proof. We only need to prove that F d defined in Definition 2.3 satisfies both the conditions (a) and (b) in Theorem 2.2.
(a) We need to check that 
Let X ∈ Ω d,n . Then X can be expressed as one of two forms in (2.2). Without loss of generality, we only consider the former since the latter does not satisfy the form (3) in Definition 2.3 and the proof is similar and simpler. Let X = pX 1 p t 2 X 2 p t 3 · · · p t r X r , r ≥ 1. If r = 1, then X = pX 1 and satisfies the form (2). Thus, X ∈ F d , and so If X 1 = X 2 and X only is of either the form (2) or the form (3) in Definition 2.3, we have X 1 = X 2 = · · · = X s−1 = X s and X s ⊂ X s = X 1 . Then X (i) is of the form (3). Otherwise X 1 = X 2 and X only is of the form (4). We have
The proof of the theorem is complete.
Then X can be expressed as one of two forms in (2.2). Assume, without loss of generality, X = pX 1 p If X satisfies the form (2), then it is easy to verify that
If X satisfies the form (3), then X 1 = X 2 and 
Bounds of feedback number
In the preceding section, we construct two important sets Φ( d, n) and F (d, n) defined in (2.1) and (2.3), respectively. By Theorems 2.1-2.4, we have that = O(nd n−4 ).
